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ABSTRACT

We study the approximation of multivalued functions in the Fell topology by means of single valued continuous
functions or minimal upper semicontinuous compact-valued maps. We give a partial answer to Question 5.5 in
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I. INTRODUCTION

There exists a wide literature concerning the
approximation of relations (i.e. multivalued
functions) by means of singlevalued continuous
functions. The first contribution, due to Cellina [4],
deals with the approximation in the Hausdorff metric.
More results in the same context may be found in
[1,8,9,18]. The approximation of relations in the
Vietoris and in the locally finite topologies has been
studied in [11,12]. In particular, [11] shows that if X
is a dense in itself countably paracompact normal
space and F : X — R is an upper semicontinuous
multivalued function such that F(x) is a non-empty
compact interval for every x € X, then F may be
approximated with real-valued continuous functions
in the Vietoris topology (also in the locally finite
topology if X is a g-space [17]). The conditions for
the approximability of F are also necessary under
some suitable assumptions on the space X
Furthermore, in [12] it is proven that a countably
paracompact normal space X is strongly zero-
dimensional if and only if every closed subset F of X
x R, with pri(F) = X and | F(x)| = 1 at every isolated
1. Preliminaries

Let X and Y be Hausdorff spaces. If F € X x Y , we define F(x) =

point, belongs to the closure of C(X) in the Vietoris
topology.

The purpose of this paper is studying
approximability in the Fell topology and to give a
partial answer to Question 5.5 in [14] and to Question
7 in [13]. In Section 2, Theorem 8 shows that every
upper semicontinuous multivalued function F such
that each value F(x) is a non-empty closed interval of
R (a singleton if x is isolated) belongs to the closure
of C(X) in the Fell topology. Furthermore, we
provide some necessary conditions for Fell
approximability with elements of C(X).

Section 3 is devoted to the zero-dimensional case
and shows that results analogous to [12] hold with
simpler hypotheses for the approximability in the Fell
topology.The last section deals with approximability
by means of minimal usco maps [5,7,10] with finite
range..

The main theorems are presented through some
lemmas, some of which have an intrinsic interest
within this topic. For instance Lemmas 7, 19 and 24,
in the respective frameworks, show that only the
upper topology needs to be checked.

{y€eY:(xy) €F}.Inthis way

each subset of X x Y is viewed as a multivalued function and every multivalued function is identified with its graph.
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A multivalued function F from X to Y is said to be upper semicontinuous at x € X provided that for every open
subset
V € Y such that F(x) < V there exists a neighbourhood U of x such that F(z) < V for every z € U. The multivalued
function F is said to be:

« upper semicontinuous, usc for short, if it is upper semicontinuous at every x € X.

« cusc if it is usc and F(x) is connected for every x € X.

« usco if it is usc and F(x) is a non-empty compact subspace of Y for every x € X.

« cusco if it is cusc and usco.
We denote by CL(X x Y ) the set of non-empty closed subsets of X x Y and by C(X, Y ) the subspace consisting of
continuous single-valued functions from X to Y . We write C(X) for C(X,R). CL*(X x Y ) indicates the subset of
CL(X x Y) consisting of the elements F such that F(x) = @ for all x € X.

The following two results are well known and illustrate the connection between the semicontinuity of F and the
property of F of having a closed graph.

Proposition 1. Let Y be a regular space. Assume that F is a multivalued upper semicontinuous function from X to Y
such that F(x) is closed for each x € X. Then F belongs to CL(X x Y).

The next proposition holds for every topological space X (e.g. see [3, p. 112]):

Proposition 2. Let F € CL(X x Y ) such that F(X) = pr. F has compact closure in Y . Then F is upper
semicontinuous.

In general, we denote the complement of Ein Zby Z\E. IfE € X x Y, we also indicate the complement of E in
X x Y by E°.

For every open subset W of X x Y define W*={ FeCL(XxY):FcWl}and "W = {FeCLXxY)FNW
=0} .

The upper (lower) Vietoris topology on CL(X x Y ) is defined as the topology which has a base (subbase)
consisting of sets of the form W + (of the form W —), where W ranges over all open subsets of X x Y . The Vietoris
topology is the supremum of the upper and lower Vietoris topologies.

The upper Fell topology on CL(X x Y ) is defined as the topology which has a base consisting of sets of the form
W +, where W ranges over open subsets of X x Y such that W ¢is compact. The Fell topology is the supremum of the
upper Fell topology and the lower Vietoris topology.

For more results about hyperspace topologies, see also [2,16].

Il. REAL FUNCTIONS

The following statement adds an equivalent condition to a well-known theorem of Dowker—Katetov.
Lemma 3. The following conditions on a T, space X are equivalent:
(i) Xisnormal and countably paracompact.
(iiy For every pair f, g of real-valued functions defined on X, where f is upper semicontinuous and g is lower
semicontinuous and f (x) < g(x) for every x € X, there exists h € C(X) such that f (x) < h(x) < g(x) for every x €
X.
@iy 1f W is an open subset of X x R such that W (x) is a non-empty connected set for all x € X, then there exists a
function h belonging to W * N C(X).
Proof. (i) & (ii) is a theorem of Dowker—Katetov [6,
5.5.20]. (ii) = (iii) See [11, Lemma 4.1].
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(iii) = (i) Let — (XY EXxR:JM <y <&W \ opviously W (x) is non-empty and connected for each
g implies that W ) T .

X. The semicontinuity of f and is an open set. Consequently there
exists a continuous real-valued function h belongingto W +. o

If V is a family of subsets of a set Z and E < Z, we denote by St(E,V) the setUtV € Vi ENV #@},

The following lemma is an alternative version of [11, Lemma 4.3].
Lemma 4. Let X be a Tychonoff space and let F € CL*(X x R) be the graph of a cusc map. Let W, be an open
subset of X x R such that F € W,. Assume that one of the following conditions holds:
(i) F is a cusco map. (ii) Wo® is compact.
Then there exists an open set W € X x R such that F € W © W, and W (x) is connected for every x € X.
Furthermore, in the latter case, the open set W may be chosen in such a way that W+ N C(X,R) =@ .
Proof. Case (i) Since F(x) is a compact interval, there exist an open neighbourhood A, of x and an open interval J, >
F(x) such that Axx Jx © Wo. Let Ox € A, be an open neighbourhood of x such that F(z) < J for every z € Ox. We are
going =U.ex(0x to prove that Wx J,) € Wyis the required open set.

Letz € X. Then \Wj(z) ={ J«: z € Oy} is connected because is the union of a collection of intervals containing F(z).

Case (ii) Let (a,b) be an open bounded interval such that prz(Wg) S (@.b) so that X x (R\ [a,b]) € Wo. If we
define G(x) = F(x) N [a,b ], we obtain that G is a cusc multivalued function which assumes (possibly empty)
compact values. Arguing as in case (i), there exist an open neighbourhood Ny of x and an open interval Jy, with Jx=
@ whenever G(x) = @ , such that G(2) € Jxfor every z € Nyand Ny x Jx € W,. For every x € X put

Ix =St(F(x). {Jx, (=00, ), (b, +00) })

Then F(x) € _ . x Ixand Nx % Iy € Wo. Let Ox € Ny be an open neighbourhood of x such that F(z) < I« for
every z € Tex.  OpTakethesetw U (0 ) U (K¢ x R), where K =Pr1Wg), Clearly F € W € W,
and it is easy to show that W (z) is connected for every

Since K is normal and countably paracompact, by Lemma 3 there exists h € C(K,R) such that (x,h(x)) € W for
every x € K. Any continuous extension of h from the compact subspace K to X satisfies the last requirement. Notice
that complete regularity in Lemma 4 is required only for the last statement of case (ii).
Lemma 5. Let X be a regular space and take F € CL(X x R) such that | F(x) < 1| for every isolated € Nz Wi
point x € XAf F—=where every W;is an open subset of X x R, then for each i there exist a non-empty open subset U;
of X and a non- empty open interval V;such that Ui x V; € W; @i = j one of the following conditions is satisfied:

e Uiny;=0

» Ujisasingleton and Uix Vi=U jx V.
Proof. For each i choose a point (x;, yi) € WiN F. Let 1, denote the set of indexes i such that x; is isolated and let I, be
the complement of I in the set of indexes i. If xi € 11 put Ui= { x; } and let Vibe an open connected neighbourhood of
yisuch that {xi} x Vi € W;_ Notice that if x; = x; for i, 1 € I3, then yi= y . In this case we replace V;with 1tV xj =xi},

The points (x;, yi) € W;with i € I, may be replaced by points (xi ¥i) €, W;in such a way that the first coordinates
are distinct (use the fact that the points x; for i € I, are limit points). Finally, by using the regularity of X, we can
choose open neighbourhoods Ui of x;and V; of y; satisfying the requirements, with the caution that x; €/ U;if i € lI,and
jeh. O

The following result provides a required condition for a multivalued function to be approximated in the lower
Vietoris topology.
Proposition 6. Let X and Y be Hausdorff spaces and let Z € CL(X x Y ) such that | Z (X) < 1| for each isolated point
x € X and for each Z € Z. If F belongs to the closure of Z in the lower Vietoris topology, then | F(x) < 1| for each
isolated point x € X.
Proof. Let x € X be an isolated point. If V1, Vo € Y are disjoint open subsets such that F(x) N Vi= @ , then ({ x} x
Vi) N {xlxVz) N - OzZ=9
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The following lemma suggests that only the approximation in the upper topology is to be checked.
Lemma 7. Let X be a Tychonoff space. Let W be an open subset of X x R such that W (x) is connected for every x.
Suppose that
w4 C(ﬁ() #OY Wi W, are non-empty open subsets of W such that
pri(Wy) N pri(W ) = @ whenever i = j, then C(X) N\W " NNzt Wi #0,
Proof. For each i choose @ rﬁrﬁé@npty open subset U; of X and a non-empty bounded open interval V;in such a way
that U; x Vi € W;and UiUfor i = j. Notice that Vi€ WX for every x € Uj. Let f e W * N C(X) and x; € U; for each i.
Then there exist an open interval Jicontaining { f (x))}U Viand an open neighbourhood  G; of x; such that G; S U;
and Gi x J; € W (here use that { f (xi))} U Viis contained in a continuum of W (x;)). By using the continuity of f it is
not restrictive to suppose that f (G;) € J;. For each i take a point tj € V;jand a continuous function Ai : X — [ 0,%] such
that Ai(xi) = 1 and Ai(x) = O for every x €/ Gi. The required function is:
n n
_(1 ZA;)}#Z
g i=1 i=ttiri. O
We are ready to state the first theorem.
Theorem 8. Let X be a Tychonoff space. If F € CL*(X x R) is the graph of a cusc map which maps isolated points
into singletons, then F belongs to the closure of C(X) in the Fell topology.
Proof. Let Wo, Wi,..., W, be open subsets of X x R such €Wo "Mt Wi that F , where W5 is compact.
Choose an open subset W of X x R satisfying the conditions of Lemma 4. By _ _ MW AWy~
= i1 1

applying Lemma 5 to Fand WiN W, we can choose m  +n~ ™ (U, x V)
distinct X)NWgNM W .o .

non-empty open setsopen sets W and Uy xUVk;x, . . . ,VKUin such a way thatn x Vi satisfy the conditions of Lemma
7, we obtain thatUn N« =¥U if h =kand M=1(Uk x Vck)Xy N w . Since the— =0 .

Consequently, C=0

Notice that without additional hypotheses on X (countable paracompactness and normality, see [11]) even a
cusco map which maps isolated points into singletons is not necessarily approximable by continuous functions in
the Vietoris topology.
Example 9. Let S be an uncountable set and let p denote the filter of co-countable subsets of S. Consider the
topological space S U { p }, where all points of S are isolated and a local base at p traces the elements of p on S. Let
N U {o } denote the one-point compactification of the discrete countable space N. Let *= Cu {PH) x (NU {°}\
(p,®). The closed subsets S x {¢} @4 { P} x [n,0) for every "€ N show that X is neither normal nor countably
paracompact.

Take an uncountable subset A < S such that S\ A is uncountable and denote by g the characteristic function of A.

Consider the cusco multivalued function so defined:
gX) forall ¥€ S and o e NU {w}

(x‘a):{[o‘]] =pand o e N, '

Fifx
Theorem 8 says that F is approximated by continuous functions in the Fell topology. In order to show that F cannot
be approximated by continuous functions in the Vietoris topology, consider the open neighbourhood H of F so
defined:

H=(A x {w} x (%,-O-OO))U((S\A) x {w) x (—OO. %))U((Su{p]) XNXR)

Assume there exists f € C(X) N H+ and put y, = f (p,n) for every n € N. A standard argument of cardinality shows
that there exists a co-countable subset T < S such that f (x,n) = y,for every x e Tandn € N. Takeany x € ANT
and x2 € (S\A) N T . The continuity of f at the points (x1,m) and (X2,®) implies that there exists k € N such that y, = f
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(x1.K) > 3and y, =/ (x2.k) < 3, 4 contradiction. Consequently F does not belong to the closure of C(X) in the upper
Vietoris topology.
Remark 10. A cusc map F € CL(X x R) may belong to the closure of C(X) in the Fell topology even if the set { x:
F(x) = @} isanon-empty open set. For instance, consider the map| x| > 1, F(x) = [1, +o0) if| X| = 1,
Fx)= oif|x <Ll F on the real interval X = [ —2,2] defined as follows: F(x) = if

In some situations, a multivalued map which belongs to the closure of C(X) in the Fell topology must be
necessarily cusc at any point x such that F(x) = @ .
Proposition 11. Let X be a locally connected locally compact regular space and let F € CL(X x R). If F is in the
closure of C(X) in the Fell topology, then F is a cusc map at every point x such that F(x) = 0.
Proof. Argue as in [11, Lemmas 3.2, 3.3] by choosing the neighbourhood U of x as a connected open set with
compact closure.

None of the two relevant properties of the space X in Proposition 11 can be removed.
Example 12.

« Compact case. Let X ={1.3.3.---.0} with the usual topology and let Fi)= 1 and F(0) = {0,1} . Then F
belongs to the closure of C(X) in the Vietoris topology (cf. [12, Theorem 3.2]).

« Locally connected case. Let X = J(X 0) be the hedgehog with X 0-many spines. Denote by 0 the centre of the
hedgehog and by I, the nth spine. Define F(x) = 1 for every x = 0 and F(0) = {0,1} . Then F belongs to the
closure of C(X) in the Fell topology (although not in the Vietoris topology, see [11, Lemmas 3.2, 3.3]). Indeed,
consider F € (K®)+, where K is a compact subset of X x [0,1] . If K,= K N (I, % [0,1] ) and r, = maxpri(K,), then
for every € > 0 there exists j such that r j<e. Put Ej= { X € | j: X € (g,2¢)} . An approximating continuous
function may be defined in such a way that it assumes the value 0 at some point of E jand the value 1 at every
point of X\ E ;.

If we want an example which is not upper semicontinuous, it is enough to change the definition of F in both cases
by putting F® = % for x = 0.

A multivalued map belonging to CL(X x R) is said to be bounded on E € X if F(E) =Uxer F®) is bounded [15].
If F is bounded (on X), then F is upper semicontinuous (see Proposition 2). The following Proposition is proved in
[2, Proposition 6.2.11].
Proposition 13. Let F € CL(X x Y ) be a compact valued usc map. Then F(E) is compact for each compact
subspace E of X.

Propositions 2 and 13 imply the following:
Corollary 14. Let X be a compact space and let F € CL(X x Y ) be a compact valued map. Then F is usc if and only
if F is bounded.
Proposition 15. Let X be a continuum and let F € CL(X x R) be a bounded map. If F belongs to the closure of C(X)
in the Fell topology, then:
(i F(X)= @ for every x € X;
(i) the graph of F is a connected subset of X x R (hence F(X) is a connected subset of R).
Proof. Consider a bounded interval (a,b) such that F(X) € (a,b).

() By way of contradiction, suppose there exists a point " € X such that F(h) = @andletV=*\ {" }

Put

K =[((th} x [a,b]) U (X x {a, b)) ] N[V x @, b)]
Then K is an open set in the Fell topology, F € K, K N C(X’=@ , a contradiction.
(i) By way of contradiction, assume that the compact subset F is the union of two disjoint non-empty closed

subsets F; and F,. Then F; and F, are compact subsets of X x (a,b). Therefore there exist disjoint open subsets W,

W, of X x (a,b) such that F; € W;and F, € W,. Put
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L=W;NW; N[(X x[a.bl)uw;uw,]"

Then L is an open subset in the Fell topology, F € L, L N C(X) =@ , a contradiction.

Remark 16. The function F of Remark 10 shows that the boundedness of F is necessary in Proposition 15. Even if

F satisfies the hypotheses of Theorem 8, the graph ofx = 0, F(0) = R. F is not necessarily connected. For example,

consider F(x) =, if | x| 1 and

Proposition 17. Let X be a continuum. If F € CL(X x R) belongs to the closure of C(X) in the Fell topology, then

F(X) is connected.

Proof. By contradiction, assume there exist real numbers a < b < ¢ such that a € F(X), ¢ € F(X), b €/ F(X). Then F

belongs to

H=[(X x {b)T" N[X x (—=00.)] " N[X x (b, +00)]

Since X is connected, H NC(X) =¥. O

Remark 18. Let X be a locally compact locally connected space. Let F € CL(X x R) belong to the closure of C(X) in

the Fell topology. If F(x) =@ and F(x) S (a,b), then either x is an isolated point or x is a limit point for the set

{y € X2 F(y) #%}. To prove this assertion, use a construction similar to the one made in Proposition 15 by putting
K=[((U x {a,b}) U ({z} x [a.b])) " N[U x @b)]

where U is a connected neighbourhood of the non-isolated point x such that U is compact, F(y) = @ for
everyy € U\{ x} and z is a point of U \{ x} .

The zero-dimensional case

We provide an analogous version of Lemma 7 in the zero-dimensional case, that is if X has a base of clopen sets.
Lemma 19. Let X be a zero-dimensional space and let Y be a Hausdorff space. Let W be an open subset of X x Y
such that W * N

C(X,Y )f w. If Wy,..., Wy are non-empty open subsets of W such that pri(W;) N pry(W ;) =@ whenever i = j, then C(X, Y ) N
Wi Wi #0,
Proof. Letg € C(X,Y) N W +. For each i €{1,...,n } choose a clopen set U; € X and a point y; € Y such that U; x{ y; } Wi.
The required element of C(X, Y ) is the function f so defined: f (x) = yiif x€ Ui, f(x) = g(x) if x ¢ Un=1 U
Lemmas 5 and 19 imply the following:
Corollary 20. Let X be a zero-dimensional space and let F € CL(X x Y ) such that | F(x) < 1| for every isolated
point x € X. If F belongs to the closure of C(X, Y ) in the upper Fell topology, then F belongs to the closure of C(X,
Y ) in the Fell topology.
Remark 21. If Y is a compact space, then [ ({ x} x Y )] * N Chx(X x Y ) = @ - Consequently CLy (X x Y') js closed in CL(X
x'Y') in the upper Fell topology.
Theorem 22. Let X be a zero-dimensional space and let Y be a Hausdorff space.
« If Y is compact, then the closure of C(X, Y ) in CL(X x Y) with the Fell topology is the set of all F € CL*(X x Y
) which take a single value at every isolated point x € X.
« If Y is not compact, then the closure of C(X, Y ) in CL(X x Y ) with the Fell topology is the set of all F € CL(X x
Y ) such that | F () <1 for every isolated point x € X.
Proof. By Proposition 6 and Remark 21, in both cases the conditions on F are necessary.
By Corollary 20 it suffices to show that F belongs to the closure of C(X, Y ) in the upper Fell topology. Assume
that F € W +, where W ©is a compact subset of X x Y .
« Suppose Y is compact. Put K = pry W €. For every x € K choose a clopen neighbourhood Uy of x in X and a point
yx € F(x) such that Ux x { yx} € W . Since K is compact, choose an irreducible finite subcovering Uya,..., Uxn Of
the clopen covering { Ux: x € K} . Let Vi= Uy 'j< Uyg. Then { Vi: 1 i n *e is a disjoint covering ofN K
consisting of non-empty clopen sets. If y denotes any point of Y, the required function f C(X, Y ) W + is defined
by
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=1 yxiifxeVyifxeX\Ul i
V:1in}
« If Y is not compact, choose any y € (Y \ pr2 W ©). Then the required function in C(X, Y ) N W + is the constant

functiongx) =y. O

Theorem 23. Let X be a locally compact topological space. The following conditions are equivalent:

(i) X is zero-dimensional.

(iiy For every compact space Y , the closure of C(X, Y ) in CL(X x Y ) with the Fell topology consists of all F €
CL*(X x Y') which map isolated points into singletons.

(iii) The closure of C(X, [0,1] ) in CL(X x [ 0,1] ) with the Fell topology consists of all F € CL*(X x [ 0,1] ) which
map isolated points into singletons.

(iv) The closure of C(X, {0,1}) in CL(X x {0,1}) with the Fell topology consists of all F € CL+(X x {0,1}) which
mayp isolated points into singletons.

Proof. Theorem 22 shows that it suffices to prove (iii) = (i) and (iv) = (i).

Let p denote a non-isolated point and take an open neighbourhood U of p such that_U is compact. We are going
to prove that U contains a clopen neighbourhood of p.

Choose an open neighbourhoodV of p such that V Q_U and consider the following multivalued function
F=(Vx{0)U(X\V)x{1})

Since?/ \'V contains no isolated points, the multivalued function F maps isolated points into singletons. Notice that
F may be viewed as an element both of CLx(X x [0,1] ) and of CLx(X x  {0,1}).
(i) = (i). Choose a positive real number® < 7 and consider the following compact subset of X x[0,1]
k=(p}x[e, 1)U (U x[e.1—e]) U ((U\U) x [0,1—¢])
Then (K®)+ is a Fell-neighbourhood =f{xe Ubf‘;@‘)c%)ﬁéequentlw

i if- . . . X Z
peZandU\Z={xeU: f(x) >1-¢} Notice that. Obviously Z is an open set. It
()>1 & isopen. (xeX fx _
is also closed because\=\u: )
(iv) =

(i). Consider the following compact subset of X x{0,1} :
L=(p} x (1)) U(T\U) x (0}),

Since (L)+ is a Fell-neighbourhood of F, there exists f € (L°)" N C(X, {0,1}). The set  Zis
an open neighbourhood of p. Since X \ Z = (X\U) U{xe X: f(x) =1}, it follows that Z is also
closed.

On minimal usco maps

Let H € CL*(X x Y ) denote the set of usco maps. A standard application of Zorn’s lemma ensures that, if H is
ordered by set inclusion, then every F € H contains a minimal element G € H. The set of minimal elements of H is
denoted by

M(X, Y ). Each element of M(X, Y ) is called a minimal usco

map. The following statement is analogous to Lemmas 7 and
19.

Lemma 24. Let X be a regular space and let Y be a Hausdorff space. Let W be an open subset of X x Y such that W
PAMX.Y) #3, If Wy,..., W, are non-empty open subsets of W such that pry(W;) N pri(W j) = @ whenever i = j, then
M(X, Y) N Wen Miz Wi =

Proof. Let FeMX. Y)NW™* Eoreveryie {1,.n}.

={xelU: f(x) =0}
O
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choose an open set U; € X and a point y; € Y such that U; x{ yi }< Wiand Ui N U =@ if i = j. Consider the
multifunction L € CL*(X x Y') defined as follows:

€i; NN W - If G S | js a minimal usco map,We denote by D(X, Y ) € CL(X x Y ) the set consisting of the
elements of the form f C( f), where f is a single valued function which is continuous at every point x of a dense
subset C( ) [7,10].

[{y:} ifx U
LK) = l{yi}UF(X) ifXE(U_i\Lﬁ);
LF(9) ifxg Ui

By Proposition LECL*(X ><Y). ClearlyL is an usco map belongingWo
thenGEW ™ n L W, becauseG(U;) ={yi}.

Consider the subset DFin(X x Y ) of CL*(X x Y ) consisting of multivalued functions of the form

n
6 =UVix )

i=1
of where X. One can easily show that DFiny; are elements of Y and Vi(are open subsets of* x Y ) € M(X, Y ) N
DX(Xsuch that, Y ).ViNn V= @ for i =jand "=1 V;is a dense subset

Remark 25. In the proof of Lemma 24, assume that F € DFin(X x Y ). Then the minimal usco map G belongs to
DFin(X xY).
Remark 26. Let x € X be an isolated point. If G € M(X, Y ), then | G(x)| = 1. Consequently, if F belongs to the
closure of M(X, Y ) in the lower Vietoris topology, then | F(x) <|1
(see Proposition 6).
Lemmas 5 and 24 and Remark 25 imply the following:
Corollary 27. Let X be a regular topological space and let Y be a Hausdorff space. Let F € CL(X x Y ) such that |
F(x) < 1| for every isolated point x € X. If F belongs to the closure of DFin(X x Y ) in the upper Fell topology, then
F belongs to the closure of DFin(X x Y') in the Fell topology.
Theorem 28. Let X be a regular topological space and let Y be a Hausdorff space. The closure of DFin(X x Y ) in
the Fell topology of CL(X % Y ) coincides with the set E described in the following cases:
« if Y is compact, then E consists of all X x Y) such that |F(x)| = F € CL#(1 if x is an isolated point.
o if Y fails to be compact, then E €CL(X Y)suchthat consists of all F X | Fo <1
| if x is an isolated point.
Proof. In both cases, by Remarks 26 and 21, the conditions on E are required.
Choose a non-empty open subset W of X x Y such that W ©is compact.
 Suppose that Y is compact and that W + contains an element F € CL*(X x Y ) such that | F(x)] = 1 for each
isolated point x € X. Let K = pri(W ©). For every x € K take an open neighbourhood Uy of x in X and a point yx €
F(x) such that Uy x { yx} € W . Since K is compact, choose an irreducible finite subcover Uyj,..., Ux, Of the open
cover{Ugx xeK}.
Let us set Vi = Ug\U ji Uyjand Vo = X\ U1 Vi. Choose an arbitrary element yo € Y and define

n
c=U@x )
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i=0

Then G belongs to DFin(X x Y ) N W +. By Corollary 27 the element F belongs to the closure of E in the Fell
topology.
 Suppose that Y fails to be compact and choose y €/ pra(W ©). Then X x {y } belongs to W + and consequently
DFin(X x Y ') is dense in CL(X x Y ) with the upper Fell topology. The conclusion follows by applying Corollary

27
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